Abstract-In this paper, we examine the numerical dispersion properties of the tetrahedral edge element in comparison to other edge and nodal elements. For all nodal elements as well as hexahedral edge elements, the phase error is always either positive or negative for waves propagating at any incidence angle, which means that the error accumulates as the wave propagates from element to element. This effect can produce large errors for electrically large geometries. On the other hand, the tetrahedral edge elements can produce either a negative or positive phase error, depending on the direction of propagation through the element. For an unstructured mesh, phase cancellation occurs since the orientation of the tetrahedral elements are arbitrary. Because of the cancellation, the numerical dispersion error is very low for meshes composed of well-shaped tetrahedral edge elements. Numerical results are presented to demonstrate this point.
since different element types produce different accuracies in the solutions, even though the same mesh size is considered. For example, a study on a cavity problem showed that for the same number of unknowns, the tetrahedral edge elements actually produced more accurate solutions than the hexahedral edge elements [1] . In other words, for this cavity problem, one can use a much larger mesh size for the tetrahedral edge elements than the hexahedral edge elements to achieve the same accuracy.
The analysis of the numerical dispersion for different finite elements is a crucial step toward understanding the discretization errors associated with them. Numerical dispersion arises from the approximate nature of the FEM. Instead of supporting a plane wave with the true wave number , the FEM equations support plane wave solutions with slightly different wave numbers . The effect of having a wave number instead of produces a phase error. Since this error tends to accumulate as the wave travels, it can become a serious problem for electrically large problems or problems involving resonance. For example, it is shown in [2] that the numerical resonant frequencies of cavities converge to the true resonant frequencies at the same rate as the numerical dispersion.
The numerical dispersion for 2-D nodal-and edge-based elements for both triangular and quadrilateral shapes have been well documented [3] - [7] . For 3-D problems, no numerical results have yet been published.
In the following sections, we first illustrate the procedure for finding the numerical wave number by using a simple 2-D example. Then we review some 2-D edge element results and present new 3-D edge element results, which are in turn followed by several numerical examples. Finally, we discuss the advantages of the triangular and tetrahedral edge elements for the EM wave problems.
II. DISPERSION ANALYSIS
For the dispersion analysis, we consider an infinite region of free-space. The electric field in this region satisfies the vector Helmholtz equation (1) where is called the wave number and and are the free-space permeability and permittivity, respectively. In this region, any plane wave with a wave number is a solution of the vector Helmholtz equation.
0018-926X/97$10.00 © 1997 IEEE If we divide the whole region into a uniform mesh and use the FEM to numerically solve the plane wave propagation problem, then we can find a discrete version of the plane waves that satisfy the FEM equations. However, these plane waves propagate with slightly different wave numbers than the true wave number . These are called the numerical wave numbers and are denoted as . is in general anisotropic, which means that it is a function of the direction of wave propagation. Other factors that affect include the element shape, the element type, the mesh arrangement, and the mesh size.
We now illustrate the procedure for finding by using a simple 2-D triangular edge finite-element example. The procedure for 3-D problems and other element types are very similar.
Consider a uniform triangular mesh as shown in Fig. 1 . By applying the method of weighted residuals to the vector Helmholtz equation we have (2) where stands for the edge-element basis function for edge . After applying Green's first identity, (2) becomes (3) In (3), the contributions from the surface integral on the outer boundary are not considered since our main interest is in the solution within the grid without the effects of the outer boundary condition. In this case, we assume a periodic behavior of the fields within the grid.
We next approximate in terms of the edge elements
By substituting (4) into (3), we obtain the FEM equations (5) in which
The coefficient in (4) can be evaluated by the formula mid-point of edge (7) where represents the direction of edge . We now can lay out the strategy for finding . First, assume a plane wave for with a wave number . Then evaluate from (7) . Finally, substitute into the FEM equations in (5) and find the value of that satisfies all the FEM equations.
The details are as follows. First, note that there are only three different edge directions for the mesh under consideration. Denote them as , , and , where corresponds to those edges marked as "A" in Fig. 1 , and so on. Then we can find a function or such that for any we have (8) Next, for a plane wave propagating in the direction, the electric field is given by (9) where is a constant vector and is to be determined. If (9) is used to evaluate all 's, then it is impossible to find a value for that satisfies all the FEM equations. The reason is that for edges with different directions, can be slightly different due to the fact that the FEM equations are only approximations to the vector Helmholtz equation. The correct way is to use different for different edge directions; that is, to use for edge , where can be or depending on the value of . Now let be the mid-point of edge . From (7) (10)
Since the mesh is periodic, it is easy to show that the FEM equations corresponding to edges of the same direction are all equivalent. Thus, we only need to deal with three equations, each corresponding to a different edge direction. Let these equations correspond to the first three rows in (5) . Then is the solution of (11) After substituting (10) into (11), we have This equation can be used to solve for the values of . Note that once is solved, the vector can be found from (13) and can be used to approximately determine the polarization for the electric field.
III. RESULTS

A. 2-D Edge Elements
The numerical dispersion for the 2-D edge elements have already been presented in [5] . However, the advantage of the triangular edge elements was not fully realized by the authors of that paper. To facilitate our discussion, we briefly summarize the results presented in [5] . The nodal element results mentioned below can be found in [3] and [4] . Fig. 2 shows the meshes used in [5] ; their original names are given in the caption. The numerical dispersion for each mesh is shown in terms of the phase error per wavelength, which is defined as (15) Note that unlike [5] , there is no absolute value taken in the definition. This difference is important when considering the triangular edge elements, since, in this case, can be both positive and negative.
The phase errors of the edge elements for the quadrilateral, the one-directional, and the diamond meshes with the same mesh size are shown in Fig. 3 . The phase error of the arrow mesh is not shown because it is almost exactly the same as that of the diamond mesh. For the hexagonal mesh (which is composed of equilateral triangles), its phase error is too small to show meaningfully in Fig. 3 ( for the hexagonal mesh with ). For other mesh sizes, the asymptotic formula for can be used for estimation. For all meshes except the hexagonal mesh, where means asymptotically equal; for the hexagonal edge elements, . We comment that for the nodal elements, for all the meshes shown in Fig. 2 , including the hexagonal mesh.
It is worth mentioning that unlike the quadrilateral nodal edge elements and triangular nodal elements (whose phase errors are always negative), the triangular edge elements have phase errors that can be both positive and negative depending on the incident direction of the plane wave. We believe this feature gives the triangular edge elements a great advantage when general, unstructured meshes are considered. This is discussed in detail in Section V.
Another and more obvious advantage of the triangular edge elements is that their phase errors are much smaller than other element types considered here. For example, for , the maximum phase error for the one-directional mesh is 2.9 per wavelength when the edge elements are considered and 13.5 per wavelength when the nodal elements are considered; for the quadrilateral elements, it is 5.67 per wavelength.
B. 3-D Edge Elements
The results for a hexahedral mesh and two tetrahedral meshes are shown in this section. The procedure for the dispersion analysis is the same as in 2-D; the only difference is that for each propagation direction, there are two possible numerical wave numbers (may be of the same value), each corresponding to a different wave polarization. The polarizations can be determined from (13), as explained in Section II.
The building blocks for the three meshes to be considered are shown in Fig. 4 . Fig. 4(a) shows a simple cube; Fig. 4(b) shows a cube composed of five tetrahedra; Fig. 4(c) shows a cube composed of six tetrahedra. The meshes formed by these building blocks are referred to as the hexahedral, the five-tetra, and the six-tetra meshes, respectively. For all three meshes, the side length of each cube is called the mesh size. It should be noted that the five-tetra mesh is composed of five-tetra cubes of two orientations. The first is shown in Fig. 4(b) . The second can be obtained from Fig. 4 (b) after a 90 rotation around an axis of the cube.
For each mesh, the two numerical wave numbers are denoted as and , and the corresponding phase errors are denoted as and . The phase errors for the three meshes with the same mesh size are shown in Fig. 5 for the plane cut . For all the cases, we have the convergence rate . For the hexahedral mesh, the two numerical wave numbers for the plane are of the same value, and they are exactly the same as the results of the 2-D quadrilateral elements.
For the tetrahedral meshes, the five-tetra and six-tetra meshes have very different dispersion behaviors. The phase errors for the five-tetra mesh are seen to be very small for all angles, whereas the phase errors for the six-tetra mesh can become very large for some angles. Note also that like the triangular edge elements, the phase errors for the tetrahedral edge elements can be both positive and negative. It is evident from these results that the six-tetra mesh has much worse dispersion behavior than the five-tetra mesh and should be avoided by all means. However, the more relevant questions for FEM are, "Does a general, unstructured mesh have small phase errors like the five-tetra mesh or large phase errors like the six-tetra mesh? What features of the unstructured mesh are important for maintaining a small phase error?" We explore these two question in the next two sections through the study of a numerical example and the discussion of the results.
IV. NUMERICAL EXAMPLES
Numerical examples aimed at validating the dispersion results for 2-D edge elements have been shown in [5] . For 3-D problems, the hexahedral edge elements are expected to be similar to the 2-D quadrilateral elements and, therefore, are not of interest here; so in this section, we concentrate on the tetrahedral edge elements.
In the following, we consider the problem of TEM wave propagation in a 3-D FEM model of a parallel-plate waveguides. The problem geometry is shown in Fig. 6 . The top and bottom of the waveguide are PEC plates and the left and right sides are perfect magnetic conductor (PMC) plates. At the end, the excitation is applied and at the other end, the first-order vector absorbing boundary condition (ABC) [8] is used. The size of the waveguide cross section is chosen to be . For the FEM solution, we consider three different tetrahedral meshes. The first two are the five-tetra and six-tetra meshes that we collectively refer to as the uniform meshes; they are used to validate the numerical dispersion results presented in Section III for the normal direction . For the third mesh, we consider a nonuniform mesh. This mesh should help us understand the dispersion behaviors of general, unstructured meshes for the tetrahedral edge elements.
A. Uniform Meshes
For the two uniform meshes, is used and the ABC is applied at . The phases of the electric fields along the axis obtained from the FEM solutions have been checked to be linear functions of , so we only need to show their values at some convenient points. The first and third rows of Table I list the phases of  at for the two meshes, respectively. For comparison, the theoretical values for the phases are found. For the five-tetra mesh, we have (see Fig. 5 ). The phase of the electric field predicted by the numerical dispersion is simply for . These values are listed in the second row of Table I . By comparing the data in the first and second rows of Table I , the agreement is seen to be excellent. The slight difference is believed to be caused by the boundary conditions.
For the six-tetra mesh, we have and . To find out the wave propagating in the mesh, we need to know the polarizations of the electric field corresponding to the two numerical wave numbers. They are found by solving (13) and are shown in Fig. 7 . Since these two polarizations are almost perpendicular to each other, a good approximation of the component of the electric field is given by (16) The fourth row of Table I gives the phase values at , calculated by using this equation. Again, by comparing the third and fourth rows of Table I , it is seen that the agreement between the FEM result and the result predicted by the numerical dispersion is very good. 
B. Nonuniform Mesh
For this example, the waveguide is chosen to be in length. At and , two surfaces are assigned before meshing so that the electric field on these surfaces can be obtained easily. The mesh is generated by a mesher developed at Worcester Polytechnic Institute, Worcester, MA [9] . Table II lists the distribution of the edge lengths of the mesh. It is clear that the edge lengths spread in a fairly wide range. So the mesh is indeed highly nonuniform and unstructured. However, although the element size is nonuniform, special smoothing operation is performed by the mesher in order to optimize the quality of the mesh [10] . Fig. 8 shows the top view of a section of the mesh.
To find out the dispersion property of this mesh, we calculate the transmission coefficients at the two surfaces and . The transmission coefficient is defined by area of (17)
The theoretical values of are on both surfaces; the results from the FEM are These results give an equivalent phase error of less than 0.15 per wavelength, an extremely small value. 
V. DISCUSSIONS
The dispersion analysis for the FEM is usually conducted by using uniform structured meshes because specific numerical wave numbers can be solved to convincingly show the dispersion behaviors of the FEM meshes and elements under consideration. However, one of the major reasons for using FEM is this method's ability to model geometrically and compositionally complex problems, which necessitates the use of nonuniform unstructured meshes. Hence, for the FEM, the important question about numerical dispersions is not what they are like for some uniform meshes, but what they are like for the general unstructured meshes.
The result of the nonuniform mesh example considered in the previous section is very significant to our question: it shows that the numerical dispersion for a nonuniform unstructured mesh can be very small when the tetrahedral edge elements are used. To understand why the result can be so good, it is beneficial to get some insight from 2-D problems.
From the results of uniform triangular edge elements, we have the following speculations. First, since the hexagonal mesh has the smallest numerical dispersion, it is reasonable to assume that the equilateral triangles are the best shapes in terms of numerical dispersion, and any triangle that is close to being equilateral would introduce small numerical dispersion. This is consistent with the classic issue of the quality of the element shapes, which basically states that the equilateral triangles are of the best quality. Second, the fact that the phase errors of the triangular edge elements can be both positive and negative could have the following implications for general FEM meshes. If the numerical dispersion introduced by individual element could also result in both positive and negative phase errors depending on the shape and orientation of the element, then, for an unstructured mesh composed of triangles of random shapes and orientations, it is very likely that most phase errors would cancel with each other, resulting in much smaller phase errors for the whole mesh than would be predicted by using the maximum phase errors.
Although difficult to prove, these two speculations can be successfully used to explain many of the dispersion results. For example, Fig. 9 shows how the diamond and the arrow meshes can be regarded as composed of two half one-directional meshes of different orientations. If we let and be the numerical wave numbers of the two one-directional meshes, then it is interesting to find that is a very accurate approximation to the numerical wave numbers of the diamond and the arrow meshes. This also explains why the diamond and the arrow meshes have very similar numerical dispersions. Note that the averaging of the numerical wave numbers is equivalent to cancellation of the phase errors if the two phase errors are of opposite signs.
The explanation of the 2-D results can be successfully generalized to explain 3-D results. For the uniform meshes, it is clear that the five-tetra mesh has two advantages over the six-tetra mesh: 1) all the tetrahedra in the five-tetra mesh are of equal or better quality than those in the six-tetra mesh, where better quality means being closer to being equilateral and 2) the five-tetra mesh is composed of more tetrahedra of different orientations, so the possibility of phase-error cancellation is stronger. For the nonuniform mesh, the high quality of the element shapes and the randomness of the element orientations are also believed to be the two key factors to the small numerical dispersion of the mesh. It should be made clear that the nodal elements do not benefit from the randomness of the element orientations since all their phase errors are of the same sign and, therefore, no phase-error cancellation is possible.
Because of the low phase error of the tetrahedral edge elements, it is now possible to use a coarser mesh for tetrahedral edge elements than for other elements if the numerical dispersion error is the dominant factor determining the mesh discretization. This is especially true for problems involving electrically large structures or low loss cavities.
